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Andreev reflection converts an incoming fermion into an outgoing hole and is usually tied to a su-
perconducting interface. We show that an analogous charge-conjugating boundary condition emerges
from a purely lattice duality defect. Starting from a Majorana representation of the transverse-field
Ising chain, we construct a folded lattice model in which a boundary Majorana impurity implements
a one-site translation of a staggered Majorana chain. In the continuum, this translation becomes a
chiral fermion-parity defect: it flips the sign of the only left-moving Majorana mode while leaving
the right-moving mode unchanged. When the two Majorana modes are recombined into a com-
plex fermion in the folded geometry, this sign flip becomes the Andreev-like boundary condition.
Our lattice formulation gives a microscopic interpretation of the Emery–Kivelson boundary of the
two-channel Kondo problem and of Maldacena–Ludwig monopole scattering, while identifying the
boundary as the interface between a Kitaev-chain SPT phase and a gapless chain. The same Ma-
jorana translation defect also provides a lattice realization of an axial U(1)A-symmetric charge-flip
boundary.

Introduction. What comes back when an electron is
scattered? In ordinary systems, the answer seems ob-
vious: an electron. But in strongly correlated quantum
systems, even this simple expectation can fail. A famous
example is the Andreev reflection [1]. At the interface
between a normal metal and a superconductor, an in-
coming electron does not bounce back as an electron.
It is reflected as a hole. The reason is that, below the
superconducting gap, a single electron cannot enter the
superconductor on its own. It must recruit another elec-
tron from the normal metal, and the two electrons enter
as a Cooper pair. What is left behind is precisely a hole:

ψout ∼ ψ†
in.

Interestingly, the Andreev reflection reappears in sev-
eral seemingly unrelated areas of physics. Emery and
Kivelson showed that it arises in the low-energy effec-
tive field theory of the two-channel Kondo impurity prob-
lem [2]. Maldacena and Ludwig later pointed out that
a similar field theory describes the scattering of chiral
fermions from a magnetic monopole [3]. Of course, nei-
ther of these examples involves an actual superconduc-
tor. What, then, is the universal mechanism behind this
Andreev-like scattering?

This question is particularly sharp on the lattice. The
relevant field theories involve chiral fermions, whose lat-
tice realization is famously constrained by the Nielsen-
Ninomiya no-go theorem [4]. Thus, even formulating a
simple lattice picture of these scattering processes is al-
ready a nontrivial problem.

In this Letter, we address this question directly on the
lattice. We show that these scattering boundaries are
topological duality defects in disguise, with a Majorana
zero mode sitting at their core. In this language, the
mechanism becomes remarkably simple: the Majorana

zero mode shifts the Majorana operators across the in-
terface, and this translation appears in the continuum
as emergent Andreev reflection. This picture arises nat-
urally at an interface between the symmetry-protected
topological (SPT) phase of the Kitaev chain [5] and a
gapless free-fermion chain. We further show that, al-
though the boundary flips the ordinary vector charge, it
preserves an axial U(1)A symmetry on the lattice. This
gives a lattice realization of an axial symmetry-preserving
boundary.

Duality defect and lattice Emery–Kivelson model. Let
us start with a familiar example: the transverse-field
Ising model. This is an exactly solvable and canonical
model of a quantum ferromagnet [6]. We consider the
slightly modified open-chain Hamiltonian

HIsing = −
N−1∑
j=1

XjXj+1 − g

N−1∑
j=1

Zj , (1)

where X and Z denote Pauli matrices. A sharp-eyed
reader may notice something fishy: the term ZN is miss-
ing. This is not an oversight, but an intentional omis-
sion. The last spin is still coupled to the rest of the chain
through the term XN−1XN , and is therefore not simply
an independent spin. Nevertheless, direct diagonalization
shows that Eq. (1) has a two-fold ground state degener-
acy for any value of g. One may now try to make the
model even more suspicious by also removing the trans-
verse field on the first site, Z1. Surprisingly, the ground
state degeneracy remains two-fold. It is as if no addi-
tional degree of freedom has been added this time. This
is the small puzzle from which we begin.

The puzzle becomes delightfully transparent after
rewriting the model in terms of Majorana fermions. Us-
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ing the Jordan-Wigner transformation [7]

χ2j−1 =

(
j−1∏
k=1

Zk

)
Xj , χ2j =

(
j−1∏
k=1

Zk

)
Yj ,

the Ising Hamiltonian becomes

HMajorana = i

N−1∑
j=1

[gχ2j−1χ2j + χ2jχ2j+1] . (2)

This structure is illustrated in Fig. 1 (a) for N = 5.
The missing ZN term leaves the last Majorana operator,
χ2N , completely decoupled. This is an exact Majorana
zero mode. But a single Majorana cannot by itself form
a qubit; a physical fermionic degree of freedom requires
a pair of Majoranas. The partner of χ2N is not obvious
in the spin language, but it is present: it is the extended
zero mode

γ =
1√
N

N∑
k=1

gk−1χ2k−1,

where N is a normalization factor. The two Majorana
zero modes γ and χ2N combine into one free fermionic
mode, giving the observed two-fold degeneracy.

Now the second observation is no longer a mystery. If
we also remove the first transverse field Z1, the first Ma-
jorana χ1 becomes explicitly decoupled. In this modified
model, the extended zero mode γ is simply replaced by
the boundary Majorana χ1. Thus, the two zero modes
are now manifestly χ1 and χ2N , but they still form only
one fermionic degree of freedom. Removing Z1 therefore
does not create an additional qubit: it makes the hidden
partner of χ2N visible. This resolves the puzzle. This
phenomenon is analogous to the boundary degeneracy of
an SPT phase with open boundary conditions [8]. The
important idea here is that the Majorana zero mode is
topological: since it is decoupled from the Hamiltonian,
it can be moved throughout the system without changing
the energy spectrum. Let us move it, for example, to the
middle of the chain j = I as shown in Fig. 1 (b). Once
again, this does not change the physics. However, the
appearance of the Hamiltonian changes as [9–11]

Himpurity =−
I−2∑
j=1

XjXj+1 − g

I−1∑
j=1

Zj

−XI−1XI − gYIXI+1

−
N∑

j=I+1

Zj − g

N−1∑
j=I+1

XjXj+1. (3)

The three lines of Eq. (3) naturally correspond to the
original Ising chain, the impurity coupling, and the dual
Ising chain, respectively. The right side of the Hamil-
tonian has been transformed into the Kramers–Wannier

(a)

1 2 3 4 5 6 7 8 9 10

Z Z Z Z

XX XX XX XX

(b)

1 2 3 4 5 7 8 9 10

Z Z YX XX

XX XX Z Z

6 βobs

(c)

1 2

βact
3 5 7 9

4 6 8 10

j = 1 j = 2 j = 3 j = 4 j = 5

Move decoupled Majorana

Fold

FIG. 1. Three representations of the same physical theory.
A pair of adjacent Majorana fermions defines a local Hilbert
space. (a) The original transverse-field Ising chain. Solid and
dashed lines denote couplings of alternating strength. (b)
The same model after sliding the decoupled Majorana fermion
βobs. βobs forms a pair with the fifth Majorana (which we
call the active Majorana, shaded in grey) for spanning the
Hilbert space. (c) The folded representation of the impurity
Ising chain.

(KW) [12] dual Hamiltonian by sliding the free Majorana
to the left. At first sight, this looks like magic. But it is
not: in the Majorana language, KW duality is simply a
one-site translation [13],

χj → χj+1.

Thus, when the free Majorana slides to the left, it pushes
the remaining Majoranas on its right by one site. This is
the microscopic origin of the duality transformation.
The next step is even more revealing. We fold this

impurity chain at its center, as shown in Fig. 1 (c). The
new Hamiltonian is

HEK =i

N−1∑
j even

(
gχ1

j+1χ
1
j + χ2

jχ
2
j+1

)
+ i

N−1∑
j>1 odd

(
χ1
j+1χ

1
j + gχ2

jχ
2
j+1

)
+ iχ1

2βact + igβactχ
2
2, (4)

where βact is the active Majorana mode serving as the
boundary in the folded model illustrated in Fig. 1 (c)
with a shaded circle, and the superscripts distinguish be-
tween the top and bottom Majoranas. After folding, the
qubit Hilbert space is spanned by different pairings of
Majorana operators, namely vertical pairs χ1

j and χ2
j .
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FIG. 2. Scattering dynamics for the free boundary condition
in (a,c) and the Emery–Kivelson (EK) boundary condition in
(b,d), at g = 1 in (a,b) and g = 3 in (c,d). The wave packet is
created by applying a fermion creation operator to the ground
state which propagates toward the boundary at x = 1, where
it is reflected. For the free boundary condition in (a,c), the
charge of the excitation is preserved upon reflection. For the
EK boundary condition in (b,d), the charge is flipped.

After the particle-hole transformation [14],

χ2
2j → −χ2

2j ,

the spin Hamiltonian becomes

HEK =

N−1∑
j even

(XjYj+1 − gYjXj+1)

+

N−1∑
j>1 odd

(gXjYj+1 − YjXj+1)

+X1(X2 + g Y2). (5)

Here, EK stands for Emery–Kivelson. After refermion-
ization, this model takes the form

HEK = iβact

[
c2 + c†2 + ig(c2 − c†2)

]
+ i(1 + g)

N−1∑
j=2

(c†jcj+1 − c†j+1cj)

+ i(1− g)

N−1∑
j=2

(−1)j(c†jc
†
j+1 − cj+1cj). (6)

Thus, this model is a complex fermionic chain coupled
to a single Majorana fermion at the boundary. Since this
structure mirrors the field-theoretical description of the
Emery–Kivelson boundary, we call it the lattice Emery–
Kivelson model. The remaining question is whether this
model realizes the Andreev reflection as predicted by the
corresponding continuum theories [2, 15].

Scattering dynamics. The answer is yes. This folded
Ising impurity model indeed realizes the charge-flip
boundary. To demonstrate this, we numerically simu-
late the scattering dynamics using matrix product states

(MPS) [16–19] and the time-dependent variational prin-
ciple (TDVP) algorithm [20]. We first obtain the many-
body ground state using the density matrix renormal-
ization group (DMRG) algorithm and create a Gaussian

wavepacket Ŵ (x0, k) =
∑

x e
−(x−x0)

2/σ2

eikxc†x on top of

it as |ψinit⟩ = Ŵ |ψGS⟩. Since the ground state is at half
filling, the scattering process can be monitored through
the charge fluctuation δn(x) = n(x)− 1

2 . The results are
shown in Fig. 2. For the free boundary condition, which
is Eq. (6) without the first term, the incoming electron
is reflected as an electron, as expected, shown in Fig. 2
(a,c). By contrast, for the EK boundary condition, Fig. 2
(b,d), the incoming electron is reflected as a hole. The
lattice model therefore realizes precisely the desired An-
dreev reflection.
This leaves us with the central question: we have only

folded the Ising chain at a duality defect. Why does
Andreev reflection emerge?
Charge flip is one-site translation. The answer is sur-

prisingly simple: it is, once again, a one-site translation.
To see this, imagine creating a wavepacket at site j of
Fig. 1 propagating toward the impurity. The fermion
creation operator is built from two Majorana operators,

c†j =
1

2
(χ1

j − iχ2
j ),

where the superscripts 1 and 2 label the top and bottom
chains. In the folded geometry, the wavepacket simply
moves toward the boundary, see Fig. 3 (a). After unfold-
ing, however, the same process is better viewed as a pair
of Majorana excitations moving in opposite directions, as
shown in Fig. 3 (b,c). Schematically, the initial state is

ψin ∼ χ1
R − iχ2

L.

Under time evolution, these two Majorana excitations
pass one another and exchange their positions. Without
the Majorana impurity, nothing dramatic happens: this
is just a free propagation, and the outgoing state is the
same as the incoming one.
So what does the EK boundary do? In the unfolded

picture, the active Majorana mode βact sits at the cen-
ter and shifts the Majorana operators on one side by one
lattice site. This is precisely the one-site translation dis-
cussed above. The only trick is that this innocent-looking
translation acts differently on the two low-energy chiral
modes. At g = 1, the bulk Hamiltonian (6) has the en-
ergy dispersion E(k) = 2 sin(k). The low-energy modes
live near k = 0 and π, so the lattice fermion operator
decomposes as

cn ∼ ψR(x) + (−1)nψL(x).

A one-site translation therefore leaves the right mover
unchanged, but gives the left mover a minus sign. Re-
turning to Fig. 3, the blue Majorana excitation picks up
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this minus sign as it crosses βact, as shown in Fig. 3 (c).
The final state is then

ψout ∼ χ1
R + iχ2

L = ψ†
in.

In other words, the one-site Majorana translation dis-
guises itself in the continuum as Andreev reflection.

This also dovetails with the continuum field theory pic-
ture. The continuum theory is described by a free Dirac
fermion on the half-line,

S =

∫ ∞

−∞
dt

∫ ∞

0

dx
(
iψ̄γµ∂µψ

−mψ̄ψ − ∆

2
(ψ̄ψc + ψ̄cψ

)
. (7)

Here ψ = (ψL, ψR)
T is a two-component field, whose

components are the left-moving mode ψL and the right-
moving mode ψR. ψc denotes the charge-conjugate
spinor. In our basis, charge conjugation is represented
by complex conjugation ψc = ψ∗. γt = iσy and γx = σx

are gamma matrices in 1 + 1 dimensions and ψ̄ = ψ†γt.
At the boundary x = 0, we impose the boundary condi-
tion

ψL(t, 0) = ψ†
R(t, 0). (8)

In 1+1 dimensions, the Dirac fermion can be decomposed
into two Majorana fermions as

ψ = λ1 + iλ2 =

(
λ1L + iλ2L
λ1R + iλ2R

)
=

(
ψL

ψR

)
. (9)

Then, we can unfold the c = 1 Dirac fermion with
the above boundary condition into a non-chiral c = 1

2
Majorana fermion theory with a single Majorana field
λ = (λL λR)

T on the full line −∞ < x < ∞. The un-
folded fields are defined by{

ψR(t, x) = λR(t, x) + iλL(t,−x),
ψL(t, x) = λR(t,−x) + iλL(t, x).

In this unfolded description, we obtain a single Majorana
fermion theory,

S =

∫ ∞

−∞
dt

∫ ∞

−∞
dx
(
iλ̄γµ∂µλ− imλ̄λ− sgn(x)i∆λ̄λ

)
,

(10)

with the interface condition

λL(t,−0) = −λL(t,+0), λR(t,−0) = λR(t,+0).

This boundary condition is realized by inserting the time-
like chiral fermion-parity defect (−1)FL at x = 0.
On the other hand, in the staggered fermion lat-

tice regularization, the one-site translation of the Majo-
rana fermions flows in the continuum limit to the chiral
fermion parity (−1)FL [13]. This idea is illustrated in

(a)

c† = χ1 + χ2

t = 0
(b)

χ2
L

χ1
R

t = T
(c)

−χ2
L

χ1
R

(d) (−1)FL

χLχR

(e) (−1)FL

χR−χL

FIG. 3. Andreev reflection in the lattice EK model. (a) Before
unfolding, a wavepacket of the complex fermion approach-
ing the boundary decomposes into a pair of chiral Majorana
fermions hopping in the same direction. (b) After unfolding,
the pair of chiral Majorana fermions move in opposite direc-
tions towards the impurity. (c) The boundary Majorana im-
purity implements a one-site translation, producing a minus
sign only for the left-moving mode. (d,e) Continuum coun-
terpart of the same process. The Majorana impurity acts as
a chiral fermion-parity defect.

Fig. 3 (d,e). Combining these two facts, the lattice re-
alization of the Emery–Kivelson boundary condition is
naturally identified with the one-site translation defect
in the staggered Majorana fermion model. This identifi-
cation is not an exact microscopic equality on the lattice;
it is an emergent low-energy statement. This is why we
call the phenomenon emergent Andreev reflection.

Relation to interfaces between CFTs and SPT phases.
Let us finally make explicit the relation between the lat-
tice Emery–Kivelson model and an interface between a
gapless chain and an SPT phase. Strictly speaking, on
the lattice we consider an interface between a gapped
SPT segment and a gapless Majorana chain, whose low-
energy limit is described by a CFT. This perspective also
clarifies why the boundary Majorana mode naturally ap-
pears in the Emery–Kivelson construction.

Consider the following Majorana Hamiltonian:

HSPTedge =

0∑
i=−K

(−iβiαi+1) + iβ1χ
1
2 − iβ1χ

2
2

+

N−1∑
i=2

(iχ1
iχ

1
i+1 + iχ2

iχ
2
i+1). (11)

Here αi and βi, with i = −K, · · · , 0, 1, are Majorana
fermions forming the SPT segment. The first term de-
scribes a gapped Kitaev-chain segment in the topological
phase. It leaves an unpaired Majorana mode at the in-
terface, represented here by β1, which couples to the two
critical Majorana chains through the second and third
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(a)

(b)

SPT

remove
Majorana pairs

add
Majorana pairs

FIG. 4. Relation between the Emery–Kivelson boundary and
an interface between a Kitaev-chain SPT segment and gapless
Majorana chains. (a) The lattice Emery–Kivelson boundary
described by Eq. (6). (b) An interface between a Kitaev-
chain SPT segment and gapless Majorana chains described
by Eq. (11). The lattice Emery–Kivelson boundary can be
viewed as the minimal boundary limit of this SPT-gapless
interface, in which only the interface Majorana mode remains
coupled to the gapless chains.

terms. The last term is the gapless Majorana chain on
the CFT side of the interface.

When K = −1, the SPT segment shrinks to its bound-
ary Majorana mode. In this limit, the Hamiltonian (11)
reduces precisely to the lattice Emery–Kivelson model
(6), up to the same convention for labeling Majorana
operators used above. This structure is illustrated in
Fig. (4). Thus, the lattice Emery–Kivelson boundary
can be viewed as the minimal interface between a Kitaev-
chain SPT segment and gapless Majorana chains.

This interpretation becomes even more transparent af-
ter introducing complex fermions. We define

cj =


1

2
ei

π
4 (βj + iαj) −K ≤ j ≤ 1

1

2
(χ1

j + iχ2
j ) 2 ≤ j ≤ N

(12)

In terms of these complex fermions, the Hamiltonian can
be written in the Bogoliubov–de Gennes form

HSPTedge

=

N−1∑
j=−K

(tjc
†
jcj+1 + t∗jc

†
j+1cj +∆jcjcj+1 +∆∗

jc
†
j+1c

†
j).

(13)

with

∆j =

{
0 j ≥ 2

−1 j ≤ 1
, tj =

{
i j ≥ 1

−1 j ≤ 0
. (14)

In this form, the physical meaning of the construction is
clear. For j ≤ 1, the pairing amplitude ∆j is nonzero,
so the left segment is a superconducting, or equivalently

(a) (b)

(c) (d)

x
5 10 15 20 25

t

2.5

5.0

7.5

i 2
⟨𝜒

j1
𝜒

j+
1

2
⟩

−0.25

0.00

0.25

(e)

FIG. 5. Emery–Kiverson boundary condition as axial U(1)A-
symmetric boundary. The dashed lines represent the charge
density operators. (a) A manifestly vector U(1)V -symmetric
model (18). Dashed lines represent vector charge densities

qVi = c†i ci−1/2 = i
2
χ1
iχ

2
i . (b) Emery–Kivelson boundary and

axial charge density qA
i+ 1

2
= i

2
χ1
iχ

2
i+1. Translation of the first

Majorana fermions χ1
2j → χ1

2j+1 and renaming βact → χ1
2 in

(17) is understood as the change of the shape of the chain to
that in (a). (c) Vector U(1)V charge density qVi in the Emery–
Kivelson boundary. U(1)V is not conserved but its charge is
flipped. (d) Axial U(1)A charge density qA

i+ 1
2
in the Hamilto-

nian (18). This setup is again mapped to the lattice Emery–
Kivelson model by the inverse of (17). Correspondingly, the
axial U(1)A charge should be flipped at the boundary. (e)
Simulation of the U(1)A charge flip in the Hamiltonian (18).

Kitaev-chain SPT phase. For j ≥ 2, the pairing ampli-
tude vanishes and the system is a normal gapless fermion
chain. Therefore, the lattice Emery–Kivelson model is
the minimal boundary limit of an interface between a
topological superconducting SPT phase and a gapless
normal chain. The emergent Andreev reflection discussed
above is then naturally interpreted as the scattering pro-
cess at this SPT-CFT interface.

Translation defects and axial U(1)A-symmetric bound-
aries. The same one-site Majorana translation also ex-
plains which continuous symmetry survives at the charge-
flip boundary. In the folded complex-fermion language,
the Emery–Kivelson boundary does not preserve the or-
dinary vector charge U(1)V ; the reflected excitation has
the opposite charge. However, the translation defect
maps the vector charge density to a staggered, or axial,
charge density. Thus, the charge-flip boundary should
not be viewed simply as a charge-nonconserving bound-
ary, but rather as a boundary which preserves the dual,
axial U(1)A symmetry.

This observation is significant in view of the general
relation between anomalies and boundaries: anomalous
symmetries obstruct symmetric boundary conditions [21–
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24], whereas non-anomalous symmetries are expected to
allow them. What is nontrivial here is that this expecta-
tion is realized microscopically on the lattice: the dual-
ity/translation defect converts the ordinary vector U(1)V
into an axial U(1)A, and the boundary Majorana mode
completes the conserved axial charge.

Indeed, at the gapless point g = 1 the Hamiltonian (6)
is invariant under the axial symmetry [25, 26]

QA =
i

2
βactχ

2
2 +

i

2

N−1∑
j=2

χ1
jχ

2
j+1. (15)

This contrasts with the vector U(1)V symmetry associ-
ated with the number of particles

QV =

N−1∑
j=2

(
c†jcj −

1

2

)
=
i

2

N−1∑
j=2

χ1
jχ

2
j . (16)

The axial U(1)A and vector U(1)V are related by the
one-site Majorana translation on the second Majorana
fermion χ2

j [27][28]. Note that we also have to include the
impurity mode βact to write the axial charge preserved
by the lattice Emery–Kivelson boundary.

In fact, translating the first Majorana fermions

χ1
2j → χ1

2j+1, and relabeling βact → χ1
2, (17)

the lattice Emery–Kivelson model (6) is mapped to the
Hamiltonian

H = −c†2c2 + i

N−1∑
j=2

(c†jcj+1 − c†j+1cj), (18)

which is manifestly invariant under the ordinary vector
symmetry U(1)V . This mapping is illustrated in Fig. 5
(a-d). Under these translations the role of U(1)V and
U(1)A is exchanged. We also numerically confirm that
in (18) the axial charge is flipped, as demonstrated in
Fig. 5 (e).

Two-channel Kondo problem and monopole interpre-
tation. We now return to the problems that motivated
the construction: the two-channel Kondo boundary and
Maldacena–Ludwig monopole scattering. We first recall
that the charge conjugation for the U(1) = SO(2) ⊂ O(2)
symmetry is represented by the sign flip

C =

(
1 0
0 −1

)
∈ O(2). (19)

Note that this transformation is not an element of
SO(2). For multiple flavors, the symmetry is extended
to SO(2Nf ). The natural generalization of the above
charge-conjugation transformation is

CNf
= diag(+1,+1, · · · ,+1,−1) ∈ O(2Nf ). (20)

This transformation exchanges the two chiral spinor rep-

resentations 2
Nf−1
+ and 2

Nf−1
− , because it flips the chi-

rality operator as

Γ = (−i)NfΓ1Γ2 · · ·Γ2Nf

−→ (−i)NfΓ1Γ2 · · · (−Γ2Nf
) = −Γ. (21)

Here Γi, i = 1 · · · , 2Nf are the gamma matrices for
SO(2Nf ). CNf

is again not an element of SO(2Nf ) and
acts as an outer automorphism of SO(2Nf ). For Nf = 4,
this gives the boundary condition that flips the spinor
representation 23

+ = 8s and 23
− = 8c obtained after the

triality transformation [3].
In the continuum theory, the boundaries of the

two-channel Kondo model and the four-flavor Callan-
Rubakov scattering problem flow to a conformal bound-
ary condition with Affleck-Ludwig boundary degeneracy
gAL =

√
2 [3, 29, 30]. Equivalently, the boundary carries

a nontrivial entropy Sbdy = ln
√
2. In our lattice model,

this factor is visible microscopically: it is the contribution
of the decoupled Majorana zero mode at the boundary. A
single Majorana is half of a complex fermion, and there-
fore carries the square-root Hilbert-space weight

√
2. As

a matter of fact, we can realize the lattice version of the
Maldacena–Ludwig wall using three free boundary con-
ditions and one EK boundary condition after triality on
the lattice [31].
Conclusion and Outlook. In this Letter, we found

that the Andreev reflection, a charge-flip boundary con-
dition for incoming and outgoing chiral fermions, is re-
alized on the lattice as a hidden one-site translation
of Majorana operators. This translation can be imple-
mented by folding the transverse-field Ising model at
the Kramers–Wannier duality defect. In the low-energy
limit, the Kramers–Wannier defect acts as the chiral
fermion-parity defect (−1)FL , flipping the sign of only
one of the two chiral Majorana modes. After recombin-
ing the two Majorana modes into a complex fermion in
the folded geometry, this chiral sign flip becomes pre-
cisely the Andreev-like charge-flip boundary condition.
This microscopic Majorana one-site translation defect

picture also clarifies two further aspects of the same
boundary. On the one hand, the lattice Emery–Kivelson
boundary is naturally embedded as the minimal inter-
face between a Kitaev-chain SPT phase and a gap-
less Majorana chain, or equivalently as a lattice ver-
sion of a topological-superconductor–normal interface.
On the other hand, the same one-site Majorana transla-
tion explains the symmetry preserved by the charge-flip
boundary: although the ordinary vector charge U(1)V is
flipped, the translated charge is the axial U(1)A charge.
Including the boundary Majorana mode then gives the
conserved lattice generator of the axial symmetry at the
critical point.
A promising future direction is to generalize the

present Majorana construction beyond the two-channel
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case. The traditional k-channel Kondo model contains a
Kondo interaction with only couples to the spin sector
SU(2)k. It is well understood that the corresponding IR
fixed point BCFT has an impurity degeneracy which co-
incides with the quantum dimension of the spin- 12 simple
object of su(2)k, where for k = 2 this is precisely the
non-invertible σ of the Ising category. For k = 3, we get
the Fibonacci fusion category, which has no Zn structure.
It would be interesting to consider a similar lattice real-
ization where ‘a decoupled Fibonacci anyon’ would then
provide the expected boundary degeneracy g = ϕ = dτ .

Another natural generalization is to study the two-
dimensional effective description of the monopole-
fermion system for a general value of Dirac fermions Nf

[32–34]. This is tantamount to studying SO(2Nf )1 ⊃
SU(2)k ⊗ SU(k)2 which embeds the spin sector SU(2)k,
where 2k is identified with the number of Majoranas; as
already alluded to, Nf = 2 is related to the two-channel
Kondo problem as pointed out by [3]. SO(2Nf )1 is the
UV free fermion algebra, and is thus larger than the spin
sector the Kondo impurity couples to. The SO(2Nf )1
WZW model has a natural duality defect, namely that
of its ZNf

parafermion coset with dimension
√
Nf .

However, the duality defects from Nf > 2 are ZNf

parafermion defects. The SO(2Nf )1 duality defect is a
natural candidate as it lives in the UV and has a concrete
lattice realization via parafermions, namely as something
KW-like from the TY(ZNf

) fusion category [35].

Finally, it would also be interesting to clarify the rela-
tion to the superconducting proximity effect proposed by
Fu and Kane [36]. The connection is natural because the
Majorana of the EK boundary can be viewed as an edge
mode of the Kitaev chain in its p-wave superconducting
phase. Although we have focused a single EK boundary,
one can also consider the EK boundary on both sides
of a finite interval. This is analogous of a normal metal
region sandwiched between two superconductors. In our
construction, this setup is equivalent to the transverse-
field Ising model with periodic boundary conditions. The
chiral Majorana modes can then undergo sequences of
Andreev reflections, forming an Andreev bound state.
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schelde, and F. Verstraete, Phys. Rev. Lett. 107, 070601
(2011).

[21] T. Numasawa and S. Yamaguchi, JHEP 11, 202,
arXiv:1712.09361 [hep-th].

[22] B. Han, A. Tiwari, C.-T. Hsieh, and S. Ryu, Phys. Rev.
B 96, 125105 (2017), arXiv:1704.01193 [cond-mat.str-el].

[23] R. Thorngren and Y. Wang, JHEP 09, 017,
arXiv:2012.15861 [hep-th].

[24] S. Hellerman, D. Orlando, and M. Watanabe, Quan-
tum Information Theory of the Gravitational Anomaly
(2021), arXiv:2101.03320 [hep-th].

[25] H. B. Thacker, Nucl. Phys. B Proc. Suppl. 42, 642 (1995),
arXiv:hep-lat/9412019.

[26] I. Horvath and H. B. Thacker, Nucl. Phys. B Proc. Suppl.
73, 682 (1999), arXiv:hep-lat/9809108.

[27] A. Chatterjee, S. D. Pace, and S.-H. Shao, Phys. Rev.
Lett. 134, 021601 (2025), arXiv:2409.12220 [hep-th].

[28] Briefly speaking, we do not have translation with a
boundary. The free boundary condition at j = N − 1
also violates the axial symmetry. Those can be avoided
by imposing the lattice Emery–Kivelson boundary con-
dition at j = N rather than free boundary conditions.

[29] I. Affleck and A. W. W. Ludwig, Phys. Rev. Lett. 67,

https://doi.org/10.1103/PhysRevB.46.10812
https://doi.org/10.1103/PhysRevB.46.10812
https://doi.org/10.1016/S0550-3213(97)00596-8
https://doi.org/10.1016/S0550-3213(97)00596-8
https://arxiv.org/abs/cond-mat/9502109
https://doi.org/10.1016/0550-3213(82)90011-6
https://doi.org/10.1016/0550-3213(82)90011-6
https://doi.org/10.1070/1063-7869/44/10S/S29
https://arxiv.org/abs/cond-mat/0010440
https://arxiv.org/abs/cond-mat/0010440
https://doi.org/https://doi.org/10.1016/0003-4916(70)90270-8
https://doi.org/10.1007/BF01331938
https://doi.org/10.1088/0953-8984/2/26/010
https://doi.org/10.1088/0953-8984/2/26/010
https://arxiv.org/abs/2510.26780
https://arxiv.org/abs/2510.26780
https://doi.org/10.1088/1751-8113/49/35/354001
https://doi.org/10.1088/1751-8113/49/35/354001
https://arxiv.org/abs/1601.07185
https://arxiv.org/abs/2605.13961
https://doi.org/10.1103/PhysRev.60.252
https://doi.org/10.1103/PhysRev.60.252
https://doi.org/10.21468/SciPostPhys.16.3.064
https://arxiv.org/abs/2307.02534
https://doi.org/10.1103/PhysRevLett.103.237001
https://doi.org/10.1103/PhysRevLett.103.237001
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1103/PhysRevB.48.10345
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1080/14789940801912366
https://doi.org/10.1080/14789940801912366
https://arxiv.org/abs/0907.2796
https://doi.org/10.1103/PhysRevLett.107.070601
https://doi.org/10.1103/PhysRevLett.107.070601
https://doi.org/10.1007/JHEP11(2018)202
https://arxiv.org/abs/1712.09361
https://doi.org/10.1103/PhysRevB.96.125105
https://doi.org/10.1103/PhysRevB.96.125105
https://arxiv.org/abs/1704.01193
https://doi.org/10.1007/JHEP09(2021)017
https://arxiv.org/abs/2012.15861
https://arxiv.org/abs/2101.03320
https://doi.org/10.1016/0920-5632(95)00337-9
https://arxiv.org/abs/hep-lat/9412019
https://doi.org/10.1016/S0920-5632(99)85172-X
https://doi.org/10.1016/S0920-5632(99)85172-X
https://arxiv.org/abs/hep-lat/9809108
https://doi.org/10.1103/PhysRevLett.134.021601
https://doi.org/10.1103/PhysRevLett.134.021601
https://arxiv.org/abs/2409.12220
https://doi.org/10.1103/PhysRevLett.67.161


8

161 (1991).
[30] I. Affleck and A. W. W. Ludwig, Phys. Rev. Lett. 68,

1046 (1992).
[31] T. Numasawa, A. Ueda, B. De Vos, and M. Watanabe,

In preparation.
[32] K. Ohmori and M. Watanabe, unpublished (2022).
[33] Y. Tachikawa, K. Tsuji, and M. Watanabe, What hap-

pens to wavepackets of fermions when scattered by the
Maldacena-Ludwig wall? (2026), arXiv:2603.25508 [hep-
th].

[34] P. Wei and Y. Zheng, Non-invertible Symmetries in Weyl
Fermions, and Applications to Fermion-Boundary Scat-

tering Problem (2026), arXiv:2605.19363 [hep-th].
[35] D. Tambara and S. Yamagami, Journal of Algebra 209,

692 (1998).
[36] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407

(2008).
[37] L. Devos and J. Haegeman, Tensorkit.jl: A julia pack-

age for large-scale tensor computations, with a hint of
category theory (2026), arXiv:2508.10076 [cs.MS].

[38] L. Devos, M. Van Damme, and J. Haegeman, Mpskit
(2026).

https://doi.org/10.1103/PhysRevLett.67.161
https://doi.org/10.1103/PhysRevLett.68.1046
https://doi.org/10.1103/PhysRevLett.68.1046
https://arxiv.org/abs/2603.25508
https://arxiv.org/abs/2603.25508
https://arxiv.org/abs/2605.19363
https://doi.org/https://doi.org/10.1006/jabr.1998.7558
https://doi.org/https://doi.org/10.1006/jabr.1998.7558
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevLett.100.096407
https://arxiv.org/abs/2508.10076
https://arxiv.org/abs/2508.10076
https://arxiv.org/abs/2508.10076
https://arxiv.org/abs/2508.10076
https://doi.org/10.5281/zenodo.20618034

	Emergent Andreev Reflection from a Lattice Duality Defect
	Abstract
	Acknowledgments
	References


