Symmetric mass generation of interacting chiral fermions
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Symmetric mass generation is the interaction-induced opening of a fermion gap without sponta-
neous symmetry breaking. The anomaly-free 3-4-5-0 model of Wang and Wen provides a minimal
one-dimensional setting for this phenomenon, but a direct lattice realization faces two obstacles:
fermion doubling for local chiral discretizations and perturbative irrelevance of the six-fermion gap-
ping interaction. We address both obstacles. First, we formulate the model on a strictly one-
dimensional tangent-fermion lattice, where a nonlocal hopping produces a single chiral branch with-
out a mirror partner while retaining an efficient tensor-network representation. Second, we add a
Hubbard-type density-density interaction (Luttinger parameter K) that reduces the scaling dimen-
sion of the 3-4-5-0 interaction from 5 to 5K, making it relevant for K < 2/5. Density-matrix
renormalization group calculations show the opening of an excitation gap in this regime without the
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appearance of a degenerate ground state, the hallmark of symmetric mass generation.

I. INTRODUCTION

Massless fermions provide an idealized framework for
the exploration of strongly interacting quantum systems,
both in condensed matter [IH3] and in particle physics [4-
0]. In one spatial dimension (1D) they are characterized
by a linear dispersion relation and a definite chirality, ei-
ther left-moving or right-moving. The edge of a quantum
Hall insulator provides a condensed-matter realization of
1D chiral fermions, with a quantized electrical conduc-
tance Gy and thermal conductance Gr.

The zero-mass property is protected by internal sym-
metries which prevent the coupling of left-movers and
right-movers that would gap the spectrum. Strong in-
teractions can generate a mass by spontaneous symme-
try breaking (the Anderson-Higgs mechanism [7]), but
there may be an alternative: symmetric mass generation
(SMG) — a process by which interactions produce mass
while preserving the underlying symmetries [SHIT].

A necessary condition for SMG to work is that the
fermions are anomaly-free [I2]. In the quantum Hall
context this means that both Gy and Gt should van-
ish. This condition restricts the number Ni, and Ng of
left-movers and right-movers, and their integer charges
n, since Gp o< ) iy, q? — ZjeR q]z and Gt « N, — Ng.

The 3-4-5-0 model introduced by Wang and Wen [I3],
14] is a test ground for SMG of 1D chiral fermions: There
are two right-movers, with charges 3 and 4, and two left-
movers, with charges 5 and 0, so the model is anomaly-
free (N1, = Ngr and 3% + 42 = 52 + 02, see Fig. . The
charges are co-prime, a mass term that gaps the spectrum
by coupling left-movers and right-movers is prohibited by
the U(1) symmetry responsible for charge conservation.
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o energy £ —

momentum p —

FIG. 1. Dispersion of 1D chiral fermions, consisting of two
branches of left-moving fermions (charges ¢1 and gz2) and two
branches of right-moving fermions (charges ¢z and qs4). Ar-
rows indicate the spectral flow induced by an electric field
F. If the negative energy branches are decoupled from the
positive energy branches by a gap in the shaded energy-
momentum region, the net charge current density /_ that
flows from negative energy into this region should vanish.
One has I_ = Y sign(va)ga(F/h), with v, = dE,/dp the
velocity in mode n. In the 3-4-5-0 model the gap condition
I_ =0 is fulfilled by choosing g1 =5, g2 =0, g3 =3, g4 = 4.

Zeng et al. [I5] demonstrated the interaction-induced
gap opening in the 3-4-5-0 model on a 2D lattice (241
dimensional space-time). The additional spatial dimen-
sion was needed to accommodate the mirror fermions
that appear for any local, chirality-preserving discretiza-
tion of the Hamiltonian [I6]. A fine-tuning of the hop-
ping matrix elements decouples the mirror fermions so
that their system is effectively 1D.

Recently, related one-dimensional or exactly solvable
approaches with local infinite-dimensional Hilbert spaces
to anomaly-free chiral lattice gauge theories have also
been proposed using emergent translation symmetry,
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symmetry disentanglers, modified Villain Hamiltonians
and Euclidean models [I7H24].

Here we demonstrate SMG on a strictly 1D lattice.
By working with Stacey’s nonlocal discretization of the
Hamiltonian [25] (with a tangent rather than a sine dis-
persion) we circumvent the fermion-doubling obstruction
and enable the study of SMG in a minimally constrained
setting. Our “tangent fermion” formulation builds on re-
cent advances in quantum Monte Carlo [26] and density-
matrix renormalization group (DMRG) methods [27H29],
that preserve computational efficiency by exploiting the
fact that the nonlocal Hamiltonian corresponds to a local
generalized eigenvalue problem [30].

The restriction from 2D to 1D is one way in which
this study goes beyond Ref. [15 The second way is that
we work around a complication of the 3-4-5-0 model,
that the gapping interaction is irrelevant in the sense of
the renormalization group (RG). To allow an RG scal-
ing analysis to reliably guide the numerics, we need to
make the gapping interaction relevant. Here we achieve
that by introducing an additional Hubbard-type density-
density interaction, which reduces the scaling dimension
of the gapping interaction and makes it perturbatively
relevant for Luttinger parameter K < 2/5. The result is
a controlled setting in which the interaction responsible
for SMG is the same anomaly-free 3-4-5-0 interaction,
while the auxiliary Hubbard term only tunes its scaling
dimension. This separates the origin of the gap from the
mechanism that makes the gapping perturbation visible
at accessible system sizes.

The outline of the paper is as follows. In Secs. [T and
[[T]] we present the two key ingredients of our work: We
first formulate the 3-4-5-0 model on a 1D lattice without
fermion doubling and then make the 3-4-5-0 interaction
RG relevant by adding a Hubbard repulsion. All of this
is informed by the bosonization analysis of Sec. [[V] Our
DMRG results are presented in Sec. [V] focusing on the
hallmark of symmetric mass generation: the opening of
an excitation gap while keeping the ground state nonde-
generate. We conclude in Sec. [VI

II. 3-4-5-0 TANGENT FERMIONS

The 3-4-5-0 model [I3] 14] on a 1D lattice (unit lattice
constant) has Hamiltonian H = Hy + Hsgs0, consisting
of the free fermion part

Hy = Z tam (Cjz,Scm,B + CL,4Cm,4

n>m
. cly5cm’5 - CL’Ocm’O) +H.c, (2.1)

with hopping matrix elements t,,,, and the interacting
part

_ Toor
H3y50 = E (910n,30n,40n+1,4Cn,5cn,ocn+1,0
n

+g2cn,30n+1,30n,4cil,5011+1,50n,0) +H.e., (2.2)

with coupling constants g1,g2 > 0. The indices of the
fermionic operators ¢, o indicate the lattice site n € Z
and the charge o € {3,4,5,0}. (We set the electron
charge e and 7 equal to unity.)

The nearest-neighbor hopping t,., = (to/2:)dn m+1
produces the sine dispersion E(k) = tosin k, with a spu-
rious mirror fermion at £ = w. To avoid this fermion
doubling we adopt Stacey’s long-range hopping [25]

tom = 2ito(—1)""™, (2.3)
corresponding to the tangent dispersion F(k) =
2to tan(k/2). The highly nonlocal “all-to-all” coupling
becomes a local coupling if the Schrodinger equa-
tion HyY = Ev is reformulated as a generalized eigen-
value problem Py = FEQ, with Hermitian operators
P, Q that only couple nearby lattice sites [30]. One can
thus work around the fermion-doubling obstruction with-
out compromising computational efficiency [31].

Since tan(k/2) has a positive slope in the Brillouin
zone |k| < m, the fermions with charge 3 and 4 in Eq.
are right-movers, while the fermions with charge 5
and 0 are left-movers. The pair of six-fermion interaction
terms o g1, gs conserve charge (at the origin of the U(1)
symmetry),

(2.4)

Z qaga =0,
a

where ¢, € Z counts how many fermion operators of
charge « appear in the interaction term (positive ¢, for
a creation operator, negative £, for an annihilation op-
erator).

Necessary conditions for an interaction-induced mass
are that there are N;, = Ny interaction terms, with lin-
early independent interaction vectors £P) that satisfy the
null condition [32H35]

Zsign(va)ﬁgp)ﬁff/) =0, forall p,p'. (2.5)
The Hamiltonian (2.2]) has interaction vectors
‘e(l) = (15 _27 1a 2)7
(2.6)

6(2) = (23 17 727 1)5

for g = (3,4,5,0), so that both conditions (2.4]) and (2.5))

are satisfied.

We note that the charges do not uniquely follow from
the interaction vectors. For example, charges 7-11-13-1
also satisfy the charge conservation rule . We also
note that the anomaly-free condition

Z sign(va)g2 = 0 (2.7)

is not an independent condition on the charges once the
interaction vectors are given — Eq. (2.7) follows alge-

braically from Eqs. (2.4]) and (2.5]).



III. SMG AT WEAK COUPLING ENABLED BY
HUBBARD REPULSION

A. Renormalized scaling dimension

We recall the basics of the scaling analysis of inter-
acting fermions [36]. Interactions can open a gap in the
spectrum of an infinite 141 dimensional system if the
scaling dimension D < 2. If D > 2 the interactions
are irrelevant, the system scales to the free-fermion limit
when the size tends to infinity.

In the non-interacting limit, the six-fermion interaction
has scaling dimension

Daazo = 116)? =5, (3.1)
and is therefore highly irrelevant. Strong coupling, how-
ever, may renormalize the scaling dimension, such that
Hsy50 becomes relevant and opens a gap in a deeply non-
perturbative regime. This is the approach taken previ-
ously in Ref. [15

Here, we take a different route: we keep the six-fermion
interaction at moderately weak coupling, where an RG
scaling analysis reliably guides the numerical simulations.
We add an on-site Hubbard-type density-density interac-
tion, a four-fermion interaction that couples the density
of left-movers and right-movers,

Htubbard = Un Z(V35Pn,3 + v40pp 4)

n

X (U5(5pn,5 + VO(Spn}O)?

_ t
5/)”704 - Cn,acn,a - <Cn,acn,a>’

(3.2a)
(3.2b)

with weight factors v,. As the Hamiltonian Hyyupbard
causes no backscattering, it cannot open a gap. Nonethe-
less, it can modify the scaling dimension of Hs4s0 and
thereby enable a gap opening at weak coupling.

The bosonization analysis in Sec. [[V] shows that if we
choose the weight factors according to the interaction
vectors, (i3, vy, Vs, 1) = £P), so that the Hubbard inter-
action takes the form

HHubbard = E Un>

n

(3.3a)

Un = _U]({l)((spnﬁ - 26pn,4)(5pn,5 + 25pn,0)
— U (26pn.3 + 0pn.a)(—=20pn5 + 5pno),  (3.3b)
that with this choice of weights, the scaling dimensions
Dézr)o, Dz(’,i){;o of the g1 and g terms in Hsys0 can be inde-

pendently tuned by a pair of effective Luttinger parame-
ters K1, Ko, according to

27Tt0 — CUI({Q)
2t + CU@

C:\/Vg—&—l/z\/vg—i-z/g:f).

D) =5K,, Ko =
(3.4)

3

In the following, we set g = g9, Ug) = UI({Q) =Ug >0,
K, = K; = K € (0,1). The 3-4-5-0 interaction then
becomes relevant for K < 2/5 = K.

B. Elimination of Friedel oscillations

At nonzero Fermi wave vector kp the electron density
correlators have rapid Friedel oscillations oc ¥ that
reduce the effectiveness of the gap opening interactions.
To eliminate these we proceed as follows.

We denote by N, the expectation value of the number
of fermions of charge « relative to a half-filled band (the
free-fermion vacuum). The corresponding Fermi wave
vector k, is

ko = (27/L) sign(vy ) Ng. (3.5)
Friedel oscillations in the correlators are absent if
> Pk =0= NP =0, forall p,
« (3.6)

with NP = Zsign(va)ﬁ(ap)Na.

The Hamiltonian Hsys¢ conserves charge but not par-
ticle number. We can therefore not enforce N, = 0 (half-
filled band for each charge), to satisfy Eq. . Instead,
setting N'®) = 0 for all p is permitted because N'®) is
conserved by Hsysg-

To see this, we note that N, can change due to the
interactions by an amount 0N, = > n® () with n®) €

7. The corresponding change in N'®) is

SN® =570 Y sign(va (PP =0, (3.7)
p’ @

in view of the null condition ([2.5).

IV. BOSONIZATION ANALYSIS
A. Charge rotation decouples the Luttinger liquid

At first sight, the lattice model introduced in Sec. [[]
appears rather complicated. Its interactions mix the four
fermion flavors in a nontrivial way, and it is therefore not
immediately obvious why these particular terms preserve
the symmetry required for symmetric mass generation.
The structure becomes more transparent after bosoniza-
tion of the low-energy theory.

We begin with the noninteracting Hamiltonian .
The four chiral fermions are represented by chiral bosonic
fields g R/ 1., where ¢ denotes the charge and R/L the chi-
rality (charges 3,4 right-moving, charges 5,0 left-moving).



The free Hamiltonian is

1
Hpeo = E/dx [(0p3R)” + (Orpar)”

+ (Oap50)* + (Op0L)’]
~ L [ar [@rn2 + 0007

where we have collected the chiral fields in vectors

®r = (¢3r, p4r); Pr = (¥s51,%01); ®= (PR, Pr).
(4.3)
The free Hamiltonian is invariant under independent
orthogonal rotations of the right-moving and left-moving
fields,

dp = Qrbr, by =Qrdr.

We will use this transformation to isolate neutral modes
from charged modes. Similar changes of basis have been
used, for example, in the study of conformal boundary
conditions [38-40].

We take

Qr = % G _12) ’ QL= _% (—12 ?) » (45)
chosen such that
€% = V5 ([QR)pa, [Qrlp2. —[QLlp1, ~[QLlp2), (4.6)

see Eq. (2.6).
With this choice,

(4.4)

P o =250, (4.7)

where we have introduced the nonchiral two-component
bosonic fields

o= %(&)R - &;L)v

The free Hamiltonian then decomposes into two decou-
pled Tomonaga-Luttinger liquids [41H43],

0 =1(Dp+Py). (4.8)

2
N v 2 1 2
Hfree - ; g /d(IJ [Kp(awep) + ?p(aa:(bp) ) (49)

with K, = v =1 at the free-fermion point.

The change of basis makes the charge symmetry ex-
plicit. A global U(1) charge rotation acts on the fermions
as

cq > €' %cy, (4.10)

and therefore shifts the bosonic fields according to

D, — Py + Xqa. (4.11)
Eq. (4.5)) then gives
bp > bpy 01 01 —VBx, G2 02 +2V5x.  (4.12)

Thus the fields 6 are charged, while the fields ¢ are neu-
tral.

Vertex operators built from the charged field 6 are for-
bidden by charge conservation, while vertex operators
built from the neutral field ¢ are allowed, and can be
used to introduce the 3-4-5-0 interaction. The lowest-
order local vertex operators are

V, = cos(£P @) = cos(2V5 ¢,), p=1,2. (4.13)
After re-fermionization, ¢, , ~ €*¥7(*) these are precisely
the two six-fermion operators in the 3-4-5-0 interaction
22).

The scaling dimension of an interaction o cos 8¢, is
B?K, /4, so for V, this is 5K,,. For K, < 2/5 the cosine
interaction is relevant and can pin the field ¢, to a local
minimum, gapping out the fermionic excitations. When
both cosines are relevant, Ky, Ko < 2/5, both Luttinger
liquids are gapped. Since the pinned fields are invariant
under the charge rotation , this gap opening does
not break the protecting U(1) symmetry.

B. Scaling dimension

We next identify the density-density interaction that
reduces the scaling dimension of the operators V,. In
view of Eq. (4.9), a reduction of K, is produced by the

interaction

Op = (026,)% = (020p)* = 0uPLp OuPRp-

Upon refermionization, Oy¢q () — sign(vg)dpy.q, this
interaction becomes the Hubbard-type density-density
interaction . It couples left-moving and right-moving
densities, but it does not backscatter the chiral fermions
and therefore does not by itself open a gap. Its role is
instead to renormalize the free-fermion scaling dimension

D3450 = 5 by

(4.14)

DL = 5K, (4.15)
The 3-4-5-0 interaction becomes relevant once K, <
2/5, which is the criterion used to guide the numerical
simulations.

C. Gapping without emergent ground state
degeneracy

A distinctive feature of gapping by the SMG mech-
anism is that the ground state remains nondegenerate.
Because this will play a key role in the interpretation of
our numerics, we explain it in some detail.

The four components of the chiral bosonic field ¢ are
defined modulo 27, the field is compactified on the four-
torus T4. We define the map A from T* to T? by

1 -2 1 2

A® = A® mod 27w, A= <2 L o 1) . (4.16)



The two rows of A are the interaction vectors £(1) and
£?) | so that

[AD], = £P)D = 2v/5 ¢, (4.17)
The map A covers the whole of T? (it is surjective),

because it can generate the two basis states of the two-
torus:

A(0,1,1,1)" = (), A(1,1,1,007 = (). (4.18)

0 1

Without loss of generality [44] we may choose the sign
of the couplings such that the cosine potential minima
are located at £P)® = 0 mod 27, p = 1,2. Its pre-image

M ={zxeT": Az = 0 mod 27} (4.19)
is the kernel of the map A.

The pinned ground state is nondegenerate if M is
singly connected on T*. It is a basic theorem of alge-
braic geometry [45] that the kernel of a surjective integer-
matrix map between tori has a number of connected com-
ponents equal to the greatest common divisor (ged) of
the set of maximal minors of the matrix. Since A is a
2 x 4 matrix, its maximal minors are the determinants
of its six 2 x 2 submatrices. Columns 1 and 2 have ged
5, columns 2 and 3 have ged 3, so this already fixes the
ged of all minors at 1 and we conclude that M has only
a single connected component.

An equivalent way to state this algebraic result is that
the ground state is nondegenerate because the lattice of
interaction vectors,

A = spany {1 ¢?} ¢ 7* (4.20)
is primitive [46]. The primitivity condition means that
there is no allowed local vertex operator whose exponent
is a nontrivial fractional linear combination of the pinned
fields. In particular, £P)/2 ¢ Z*, so the half-harmonics
cos(£P)®/2) and sin(£P)®/2) are not operators in the
fermionic Hilbert space.

This is the essential difference from an ordinary
symmetry-breaking sine-Gordon problem, with a non-
primitive pinning potential cos(2m®). The minima
m® = 0 and m® = 7 are not related by the compactifi-
cation of the bosonic fields and can be distinguished by
the local order parameter cos(m®). As demonstrated for
the tangent fermion Luttinger liquid in Ref. [29] this pro-
duces a degenerate ground-state manifold, accompanied
by spontaneous symmetry breaking.

V. RESULTS

We consider two related signatures of symmetric mass
generation: firstly in the excitation spectrum, secondly in
the occupation factor. We then show numerical DMRG
results on tensor networks (see App.|A]) that exhibit both
signatures.
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FIG. 2. Comparison of the expected dependence on the sys-
tem size L of the excitation energy A (energy of an excited
state relative to the ground state). Panel I shows the finite-
size gap A o 1/L in a system that is gapless in the thermo-
dynamic limit (a flat line when A x L is plotted versus L).
Panels IT and III compare a gapped system with (II) or with-
out (III) the appearance of a degenerate ground state. In case
II, the symmetry is broken when E; merges with the ground
state, leaving a gap to the next level F>. Case III represents
symmetric mass generation (SMG).

A. Excitation gap

Our goal is to distinguish three types of infinite-system
spectra from finite-size data: (I) a gapless system; (II)
a gapped system with broken U(1) symmetry; (III) a
gapped system with preserved U(1) symmetry. The pres-
ence of a finite-size gap A = hiv/L in a system of size L
complicates the distinction. In Fig. [2| we illustrate what
we expect for the L-dependence of the excitation gap in
each of the three cases.

Case (I) is distinguished by the 1/L decay of the energy
of the lowest excited state (relative to the ground state).
In both cases (IT) and (IIT) an excitation gap remains in
the large-L limit; the distinguishing feature is that in case
(IT) the lowest excited state E7 merges with the ground
state and the gap refers to the energy of the next level
E5. The appearance of a degenerate ground state is the
signature of the Higgs mechanism for mass generation via
spontaneously broken symmetry, see Ref. 29/for a tangent
fermion realization.

The DMRG results in Fig. ) show the expected case
IIT spectrum, indicative of SMG. The four panels isolate
the two ingredients of the construction. For g; = g2 = 0,
the Hubbard interaction changes the Luttinger param-
eter but does not by itself produce the SMG gap. In
contrast, for K > K., the 3-4-5-0 interaction remains
irrelevant, and the spectrum retains the finite-size behav-
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FIG. 3. DMRG results for the energies of the two lowest
excited states F1, E2 (measured relative to the ground state),
of tangent fermions in the 3-4-5-0 model on an L-site 1D
lattice (anti-periodic boundary conditions, bond dimension
xmps = 16384). Data points with error bars (see App. [A 2)
are the numerical results, the dashed line is what we would
expect for a gapless system (case I in Fig. . A gap opening
without a degenerate ground state (case III) appears in panel
d) in the presence of both the 3-4-5-0 interaction (g1 = g2 =
3.5) and a sufficiently strong Hubbard interaction (K < 2/5).

ior expected of a gapless system. Only when the 3—-4-5-0
interaction is combined with a sufficiently small Luttinger
parameter, K < K., do the two lowest excitation energies
separate from the gapless scaling line without an accom-
panying collapse of E; onto the ground state. This is
the finite-size signature expected for a symmetric, rather
than symmetry-breaking, mass generation mechanism.

B. Occupation factor

The occupation factor n,(k), the Fourier transform of
the charge-a propagator C,(z) = (cl ()ca(0)), has a
power-law singularity at £ = 0 for a gapless Luttinger
liquid [36],

ng (k) o |k[ETE /271 (5.1)

For a gapped system, instead, a smooth k-dependence
follows from the exponential decay of the propagator.
In a finite system, the discreteness of k removes the
singularity, but a steep rise remains in a gapless system,
as can be seen in Fig. [4] panels a,b,c). The steep rise is
smoothed in panel d), consistent with the gap data from

Fig. 3

VI. CONCLUSION

We have studied symmetric mass generation (SMG)
in the anomaly-free 3-4-5-0 model [13| [I4] on a strictly
one-dimensional lattice, employing fermions with a tan-
gent dispersion (“tangent fermions”) as an alternative

L=20 xmps = 4096 8192 16384
g1=92=0 g1 = g2 =351
1dev e T T = P— T T 7
'y a) K=0.58 b) K =0.58
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—r 0 ™= 0 % ™

FIG. 4. DMRG results for the momentum dependent occu-
pation factor na(k) of a right-moving charge (equivalently,
a = 3 or 4), computed for L = 20 at three different MPS
bond dimensions ymps. The four panels correspond to the
four panels in Fig. The steep rise near k£ = 0 is smoothed
in panel d).

to lattice constructions [I5] in which the unwanted mir-
ror fermions are accommodated in an additional spatial
dimension. To make the SMG mechanism visible in a
weak-coupling scaling regime, we introduced a Hubbard-
type density-density interaction that renormalizes the
Luttinger parameter K, reducing the scaling dimension.
For K < K. = 2/5, the gap-opening interaction becomes
relevant.

The DMRG results exhibit the expected finite-size sig-
natures of this mechanism. When either the 3-4—5-0 in-
teraction or the sufficiently strong Hubbard renormaliza-
tion is absent, the low-lying spectrum follows the behav-
ior expected of a gapless system. When both are present,
the excitation spectrum develops a gap while the ground
state remains nondegenerate. The momentum occupa-
tion factor shows the corresponding smoothing of the
Luttinger-liquid singularity. Taken together, these ob-
servations are consistent with interaction-induced mass
generation without spontaneous breaking of the protect-
ing U(1) symmetry.

The tangent-fermion formalism realizes each chiral
fermion flavor directly and independently on the lattice.
This provides a useful framework in which the bosoniza-
tion dictionary is particularly transparent. Indeed, this
transparency was essential for identifying the Hubbard
interaction in the simple form used here. We therefore
expect tangent fermions to be useful more broadly in fu-
ture studies of strongly interacting chiral fermions and
their dynamics.
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Appendix A: DMRG calculation
1. MPO representation

For the DMRG calculation we need to represent the
Hamiltonian as a matrix-product operator (MPO) [47],
a product of matrices M (™ that act only on site n. The
calculation is efficient if the dimension of each matrix
(the MPO bond dimension yypo) is independent of the
number of lattice sites V. Such a scale independent MPO
is possible for short-range hoppings, and also for long-
range hoppings that correspond to a local generalized
eigenvalue problem [28].

The free tangent fermion Hamiltonian (2.1) has MPO representation

Ho = M Mg - Mg™ T 0 (A1)
with bond-dimension 10 matrices
L Cos Chs Cua Cha Cus Chs Cao cho (2it0) 1T,
0-1 0 0 0 0 0 0 0 2itch,
00 -1 0 0 0 0 0 0 2itoc,,
00 0 -1 0 0 0 0 0 2itc,
M |00 0 0 -1 0 0 0 0 2itec,, (A2)
00 0 0 0 -1 0 0 0 <—2tc;
000 0 0 0 0 -1 0 0 =2ity,;
00 0 0 0 0 0 -1 0 =2,
00 0 0 0 0 0 0 -1 —2ite,,
00 0 0 0 0 0 0 0 1

We have also included the Hubbard interaction (3.3]), which is purely on-site so it does not change the bond dimension.

The 3-4-5-0 interaction (2.2]) has bond dimension 6,

1 2 N
Hsy50 = [M?()4%0M?E4%0 T M3§45%)]1,67 (A3)
1 Cn,3CIL,4Cn,5Cn,O 32,032,5%,432,3 CTL,3CTL,4CIL,5CTL,O CIL,OCn,5CI«L,4CL,3 0
0 0 0 0 0 91€p 4Cn 0
M, = | © 0 0 0 0 91€h o€ (A4)
0 0 0 0 0 gQCn,Scn,S
0 0 0 0 0 92€p, 5Cn 3
0 0 0 0 0 1

2. Error bar estimation

We represent the eigenstates of H = Hy + Hs450 by
matrix product states (MPS, bond dimension xypg) and
carry out the tensor network DMRG algorithm [48] to
variationally determine the ground state and the first
few excited states. (We used the TeNPy Library [49]
for these calculations.) We impose anti-periodic bound-
ary conditions on the lattice of size L, with L even to

(

avoid the pole in the tangent dispersion at the Brillouin
zone boundary.

While the matrix product representation of the Hamil-
tonian is exact, with small bond dimension xmpo, the
wave function cannot be exactly represented by a ma-
trix product of finite bond dimension xnps. We there-
fore carry out the DMRG calculation at several values
of xmps = 2P, increasing in powers of two, and extrap-
olate to estimate the yyps — oo limit of the excitation
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FIG. 5. Dependence of the excitation energies on the MPS
bond dimension ymps in the DMRG calculation. The encir-
cled error bars of the xmps — oo limit are obtained by the
procedure explained in the text. The upper edge of the error
bar is aligned with the energy at the largest bond dimension,
the lower edge of the error bar is the extrapolation of the
fit . The upper panel, for the noninteracting case (when
E, = E»), is a test to show that the error bars bracket the ex-
act value 4tan(mw/2L) of the energy of the first excited state.

energies F,.
The error bars of this extrapolation are estimated as
follows, based on two empirical observations:

e Firstly, we find that the calculated E, (xmps) de-
cays monotonically with increasing ymps. We
therefore align the upper edge of the error bar with
the energy at the largest available bond dimension
XMmps = 2Pmex,

e Secondly, we find that a fit

En(xmps) = En + an Xyps (A5)
to four subsequent values of xamps gives a mono-
tonically increasing fit parameter E,, as larger and
larger bond dimensions are included in the fit. We
therefore align the lower edge of the error bar with
the fit up to 2Pmax,

Figure [5] illustrates this procedure, both for the inter-
acting case and for the case of free tangent fermions. The
latter case is a test, we can compare with the known value
of the excitation energy [E; = 4tan(w/2L), an excitation
from —2tan(n/2L) to +2tan(w/2L)], which is properly
bracketed by the error bar.
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