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We study the classical two-dimensional RP2 and Heisenberg models, using the Tensor-Network
Renormalization (TNR) method. The determination of the phase diagram of these models has been
challenging and controversial due to the very large correlation lengths at low temperatures. The
finite-size spectrum of the transfer matrix obtained by TNR is useful in identifying the conformal
field theory describing a possible critical point. Our results indicate that the ultraviolet fixed point
for the Heisenberg model and the ferromagnetic RP2 model in the zero temperature limit corresponds
to a conformal field theory with central charge c = 2, in agreement with two independent would-be
Nambu-Goldstone modes. On the other hand, the ultraviolet fixed point in the zero temperature
limit for the antiferromagnetic Lebwohl-Lasher model, which is a variant of the RP2 model, seems
to have a larger central charge. This is consistent with c = 4 expected from the effective SO(5)
symmetry. At T > 0, the convergence of the spectrum is not good in both the Heisenberg and
ferromagnetic RP2 models. Moreover, there seems to be no appropriate candidate of conformal field
theory matching the spectrum, which shows the effective central charge c ∼ 1.9. These suggest that
both models have a single disordered phase at finite temperatures, although the ferromagnetic RP2

model exhibits a strong crossover at the temperature where the dissociation of Z2 vortices has been
reported.

I. INTRODUCTION

The Berezinskii-Kosterlitz-Thouless (BKT) transition
in the classical XY model is a milestone for studying
topological phase transitions [1–4]. The U(1) spin config-
uration allows the topological defects (vortex-antivortex)
with integer charge, and its phase transition mechanism
is currently well understood [4]. In contrast to the re-
markable success in the XY model, the nature of the
topological dynamics with the other types of topological
defects remains elusive. The Lebwohl-Lasher (LL) [5] and
the antiferromagnetic Heisenberg model on the triangu-
lar lattice [6–8] host Z2 vortices thanks to the Z2-valued
fundamental group of the target space. In analogy to the
BKT transition, it is tempting to expect a topological
phase transition driven by the Z2 vortices with a quasi-
long range order in the low-temperature phase. In fact,
such a phase transition has been advocated and also sup-
ported by several numerical studies [9–14].

However, even after more than 30 years, the existence
of the phase transition is still inconclusive. From the
standpoint of the continuum effective field theory, the
LL model for example would be described by a non-linear
sigma model with the RP2 as the target space, in 1 + 1
dimensions. RP2 is simply the two-dimensional sphere
S2 with the antipodal points identified. Thus, as far as
the local geometry of the target space is concerned, the
RP2 nonlinear sigma model is the same as the more stan-
dard O(3) nonlinear sigma model (with S2 as the target
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space). Since the lowest-order term in the Renormaliza-
tion Group (RG) beta function is given by the curvature
of the target space [15], both the RP2 and the O(3) non-
linear sigma models are asymptotic-free [16, 17] (an in-
finitesimal coupling will be eventually renormalized to a
strong coupling at large enough lengthscale). In the con-
text of statistical mechanics, the asymptotic freedom of
the nonlinear sigma model suggests that the correspond-
ing lattice model is disordered for any non-zero tempera-
ture. In fact, this is perhaps the standard picture on the
phase diagram of the classical Heisenberg model[18–21]
defined by

H = −J
∑
〈i,j〉

~Si · ~Sj , (1)

where 〈i, j〉 runs over the pairs of nearest-neighbor sites

i and j, and ~Si denotes a three-component unit vector.
This is one of the most fundamental models in statisti-
cal mechanics. However, even for the classical Heisenberg
model, there is a controversy on the phase diagram, since
a phase transition at finite temperature was suggested
based on numerical simulations [22–28] and high tem-
perature expansions [29, 30]. While the nonlinear sigma
model description looks reasonable, its applicability to
the lattice model is not rigorously established and thus
it is possible that the lattice model behaves differently
from the nonlinear sigma model prediction. The phase
diagram of the RP2 model [31–37] is even more contro-
versial than that of the Heisenberg model. While the
Monte Carlo simulations are very powerful for those clas-
sical spin systems, it is difficult to distinguish a crossover
from a phase transition because of the extremely large
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correlation length [25–28, 34, 35, 37–40].

In this paper, we reinvestigate the classical Heisenberg
and RP2 models on the square lattice using the tensor
network renormalization (TNR) scheme [41–46]. Con-
trary to the conventional Monte-Carlo methods, TNR
offers direct access to the spectrum of the transfer matrix
and central charge of the conformal field theory (CFT),
and it proves to be a powerful tool to study BKT tran-
sitions [47–49]. First we consider the T → 0 fixed point,
where spontaneous symmetry breaking is not prohibited
by the Mermin-Wagner theorem [50].

Taking advantage of the TNR, we directly calculate
the UV central charge of the Heisenberg model in the
T ∼ 0 limit using TNR, to find that the central charge
is c = 2, which is strong evidence of the asymptotic free-
dom. We also analyze the T → 0 limit of the RP2 model
in a similar manner. Interestingly, our numerical result
indicates that the ultraviolet T → 0 RP2 fixed point also
has the central charge c = 2. On the other hand, the
transfer matrix spectra of these two models have differ-
ent structures, suggesting that the UV limits are distinct.
Moreover, the possibility of the phase transition at fi-
nite temperature is also discussed. Our results support a
crossover rather than a true phase transition. However,
the observed strong crossover corresponds to a sudden
change of the RG flow of the RP2 model in the vicinity
of the reported transition temperature, suggesting the
existence of a repulsive fixed point near the actual RG
trajectory.

This paper is organized as follows. In Sec. II, we first
explain our models and their implementations in the ten-
sor network in details. Then, we provide the methodol-
ogy on how to extract the universal information from the
renormalized tensors in Sec. III. As our main results, the
numerically obtained data for the zero and finite tem-
perature fixed points are displayed in Sec. IV and V,
respectively. The interpretations and discussion thereof
are given in Sec.VI, and we summarize and refer to our
future issues in Sec. VII.

II. TWO-DIMENSIONAL RP2 MODELS

As discussed in the Introduction, we are interested in
classical spin models with a spin “target space” M for
which π1(M) = Z2. This allows Z2 vortices as topologi-
cal defects that are argued to induce a phase transition.
There are actually many different models which can host
the Z2 vortices. The simplest choice of the target space is
M = RP2. We refer to such a spin model in general as a
“RP2 model”. There are a few variations within the RP2

model. The first is to consider the square of the Heisen-
berg interaction, and it is called the Lebwohl-Lasher (LL)
model [5],

H = −J
∑
〈i,j〉

(~Si · ~Sj)2, (2)

where ~Si is a three-component classical spin with |~Si| =
1, as in the Heisenberg model. One can immediately
check that this model is invariant to the local head-tail
flip ~Si → −~Si simultaneously at all the sites i. There
is plenty of research on the J > 0 model, but less is
found for J < 0 in the literature. We refer to these cases,
respectively, as “ferromagnetic” and “antiferromagnetic”
LL models. In the case of the Heisenberg model, the fer-
romagnetic and antiferromagnetic models on the square
lattice are equivalent, being mapped to each other by a

redefinition of the spin variables ~Si → −~Si on the odd
sites. In contrast, ferromagnetic and antiferromagnetic
LL models are not equivalent to each other. In the an-
tiferromagnetic LL model, the orthogonal alignment of
neighboring “spins” is favored; because of the freedom in
choosing the orthogonal direction, the dimension of the
ground-state manifold is larger in the antiferromagnetic
LL model.

Another realization of the RP2 model is by introducing
the Ising spins σij = ±1 on the bonds [51, 52], which act
as a Z2 gauge field on the lattice. The Hamiltonian is
given by

H = −J
∑
〈i,j〉

σij ~Si · ~Sj , (3)

which we call the RP2 gauge model.

To compute the physical quantities by a tensor net-
work, we decompose the local Boltzmann weights by the
spherical harmonic and Legendre functions [53, 54] as,

e(β cos(γij))
2

=
∑
l

fl(β)

l∑
m=−l

Ȳlm(θi, φi)Ylm(θj , φj) (4)

fl(β) = 2π

∫ +1

−1
dxPl(x)eβx

2

(5)

where (θi, φi) is the position of the spin on S2 and γij is
the angle between two spins. This allows to rewrite the
partition function in terms of the transfer matrix on each
site.

Z = Tr
∏
i

∫
dΩ

4π

∏
e(β cos(γij))

2

(6)

= Tr
∏
i∈L

∑
li,mi

fli(β)
∏
s

F l3m3,l4m4

l1m1,l2m2
(7)

where

F l3m3,l4m4

l1m1,l2m2
=

1

4π

∑
l,m

G(l1, l2, l,m1,m2,m)G(l3, l4, l,m3,m4,−m)

with G being the gaunt function [55]. Finally, one can ex-
press the local Boltzmann weights with a four-leg tensor
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as follows [54].

=

(
4∏
i=1

fli(β)

) 1
2

F l3,m3,l4,m4

l1,m1,l2,m2

The index mi takes the values in the range of −li < mi <
li just like the magnetic quantum numbers. In practice,
we introduce the cutoff for li as −lmax < li < lmax with
its bond dimensions (lmax + 1)2 because the convergence
of transfer matrix takes place for a large lmax. Moreover,
as the head-tail symmetry prohibits li from being odd,
the bond dimension decreases to 1

2 (lmax + 1)(lmax + 2).
In the same way, one can construct the tensor network
representation of the RP2 gauge model by changing fi(β)
to

fl(β) = 4π

∫ +1

−1
dxPl(x) cosh (βx). (8)

As the angular momentum cutoff, we use lmax = 4 for the
Heisenberg model and lmax = 6 for both RP2 models. We
note that the cutoffs above are not sufficient to calculate
the accurate observables such as the free-energy density.
Nonetheless, the truncation preserves the symmetry of
the models, and thus we suspect that the universal in-
formation at criticality such as the central charge should
remain intact under this truncation.

III. METHODOLOGY

Critical points of statistical mechanical models corre-
spond to RG fixed points. In two dimensions, those RG
fixed points are generally described by CFT in 1+1 di-
mensions. Even if the system is off-critical, it could be de-
scribed by a perturbed CFT when the correlation length
is large. Therefore, it is important to identify the CFT
describing a possible critical point/phase, or underlying
the region with a large correlation length. The central
charge c is the most fundamental quantity characteriz-
ing a CFT. Intuitively, it gives the “number of degrees
of freedom,” so that free massless boson field theory has
a central charge 1 for each independent component. Un-
der certain general assumptions, Zamolodchikov proved
that the central charge can only decrease along the RG
flow [56].

In general, a two-dimensional statistical mechanical
model, such as the Heisenberg model or the RP2 model
studied in this paper, can be mapped to a quantum
many-body system in one spatial dimension. The trans-
fer matrix for the former corresponds to (the exponential
of) the Hamiltonian of the latter. This leads to many
useful observations. In particular, the TNR approach we
employ naturally produces the spectrum of the transfer
matrix, which corresponds to the energy spectrum of the
quantum many-body system in one spatial dimension.

When the system is critical and described by a CFT, the
energy spectrum is dictated by the CFT. In particular,
it contains information on the central charge and scaling
dimensions of operators. The finite-size energy spectra
of one-dimensional quantum systems have been exten-
sively used to study quantum phases. While it had been
difficult to apply a similar method to two-dimensional
statistical mechanical models, recently a combination of
the TNR and the finite-size scaling of the spectrum was
demonstrated successfully for the two-dimensional XY
model [49]. In this paper, we extend the application of
the TNR-based finite size scaling to the classical Heisen-
berg model and the RP2 models. Since the analysis of
the finite-size spectrum has been largely developed for
one-dimensional quantum systems, we will refer to the
(the logarithm of) the eigenvalue spectrum of the finite-
size transfer matrix as “energy levels,” referring to the
quantum counterparts. The n-th lowest energy eigen-
value En(L) (n = 0, 1, 2, . . .) is determined as

En(L) = − 1

L
lnλn(L), (9)

where λn(L) is the n-th largest eigenvalue of the renor-
malized tensor representing a L× L block contracted in
the x-direction. The (effective) central charge can be ex-
tracted from the scaling of the “ground-state energy” at
each scale [57]

E0(L) ∼ ε0L−
πc

6L
. (10)

Although the central charge is defined only for CFTs,
we may define the effective central charge in terms of
the scaling behavior of the “ground-state energy” E0 as
above in a given range of the scale. Moreover, at a RG
fixed point described by a CFT, the scaling dimensions
xn of operators in the CFT can be extracted from the
scaling of the finite-size “excitation energies” [49, 57] as

2πxn
L

= En(L)− E0(L). (11)

Away from the RG fixed point, xn extracted from nu-
merical data using this relation does not give a scaling
dimension of a CFT. However, again we often consider
such a quantity xn as an effective scaling dimension, as
it is useful in visualizing the RG flow.

In particular, x1(L) contains useful information about
the correlation length ξ(L). Using the eigenvalues of a
L×L transfer matrix, the correlation length ξ(L) can be
represented as

ξ(L) =
L

ln(λ0(L)/λ1(L))
. (12)

Combining it with Eqs. (9) and (11), we find the following
relation between x1(L) and ξ(L):

x1(L) =
1

2π

L

ξ(L)
. (13)
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At criticality, ξ(L) diverges as L increases, and x1(L)
converges to a finite value, corresponding to the scal-
ing dimension of its theory. On the other hand, ξ(L)
saturates for finitely-correlated systems, leading to the
divergence of x1(L). Thus, it is a sign of a finite correla-
tion length if x1(L) increases with RG steps.(Given the
ground state is unique in the IR limit.) We carry out
this analysis for finding the finite correlation length of
the RP2 models shown in Figs. 3 and 5.

IV. ULTRAVIOLET FIXED POINT FOR T → 0

The ground states of the Heisenberg or RP2 model
are given by spins aligned in the same direction. This
means that we have a spontaneous symmetry breaking
(SSB) at T = 0. On the other hand, since these models
have continuous SO(3) symmetry, the Mermin-Wagner
theorem [50] prohibits SSB at any finite temperature T >
0.

It is interesting to consider the limit of T → +0
from the finite temperature. This has been studied
for the O(3) nonlinear sigma model, which is believed
to be the effective field theory for the classical Heisen-
berg model. The SSB of continuous SO(3) symmetry
in the T → 0 limit implies the existence of the Nambu-
Goldstone modes. In the case of the O(3) nonlinear sigma
model, the “spin” can fluctuate in two orthogonal direc-
tions around the ordered state. Thus, the T → 0 limit
may be identified with the two-component free boson
field theory with the central charge c = 2. The asymp-
totic freedom of the O(3) nonlinear sigma model implies
that, at any T > 0, the theory is described by the c = 2
conformal field theory with a relevant operator. This
means that the c = 2 CFT is the ultraviolet (UV) fixed
point, and the O(3) nonlinear sigma model corresponds
to the RG flow emanating from it. It is believed that the
RG flow from the UV fixed point ends up in a massive
theory, implying the absence of any intermediate phase or
phase transitions in the Heisenberg model at T > 0. This
picture has been confirmed by the exact Bethe ansatz
calculation of the free energy using the factorizable S-
matrix for the nonlinear sigma model [58, 59] though the
phase diagram for the Heisenberg model has yet to be
identified [25–28, 40].

On the other hand, the RG picture has not been clar-
ified well for the RP2 model. Since the target spaces of
the RP2 and Heisenberg models are locally isomorphic
to each other, we may also expect two-component c = 2
free boson CFT as the effective theory of the would-be
Nambu-Goldstone modes in T → 0. However, to the best
of our knowledge, this has not been studied for the RP2

model in Eqs. (2) and (3). Thus, here we present our
TNR study on the “effective central charge” of the RP2

model.
Practically, it is challenging to simulate the limit T →

0 due to the diverging Boltzmann weights. Nevertheless,
since the zero temperature fixed points should be RG

unstable, observing the UV behavior(finite-size behavior)
of T ∼ 0 allows us to access the information of the zero-
temperature fixed point. Figure. 1(a) shows the central
charge c estimated with Eq. (10) from Loop-TNR [44]
at D = 40 and T = 0.005. We see that the effective
central charge for both the Heisenberg model and the
ferromagnetic LL model is stable at c ∼ 2 at small RG
steps. As representative values, at L = 16 (the fourth RG
step), we estimate c = 2.003 and c = 1.998, respectively,
for the Heisenberg and the ferromagnetic LL model. This
suggests that each of the systems behaves as a c = 2 CFT
at short distances. In other words, the UV fixed point of
these models is the c = 2 CFT, as expected.

While the finite bond dimension effects are a limitation
of the tensor-network type calculations in general, the re-
sults are very accurate within lengthscales smaller than
the bond-dimension induced correlation length. The
comparison with the CFT can be carried out for these
lengthscales, as has been demonstrated in other con-
texts [49]. The detailed results of the finite bond di-
mension effects are summarized in Fig. 8. Therefore, we
believe that our identification of the c = 2 CFT as the UV
fixed point for the low-temperature regime of the Heisen-
berg and ferromagnetic RP2 models stands, in spite of the
challenging nature of the problem. On the other hand,
this observation does not directly answer the question
about the nature of the “transition” to the disordered
phase at higher temperature.

It is also interesting to study the antiferromagnetic
LL model for comparison. As mentioned in Sec. II,
the antiferromagnetic LL model has a higher-dimensional
ground-state manifold. It turns out that it corresponds
to a O(5) “spin” model, as discussed in detail in Ap-
pendix B. It is then expected that the UV fixed point is
a c = 4 free boson CFT, corresponding to four indepen-
dent Nambu-Goldstone modes. As shown in Fig. 1, we
indeed find that the effective central charge of the anti-
ferromagnetic LL model is significantly larger than the
other models. Although we do not observe the complete
convergence, we think that the numerical result is con-
sistent with our expectation of c = 4 CFT representing
the UV fixed point representing the T → 0 limit.

We also note that, Kawamura and Miyashita studied
an antiferromagnetic Heisenberg model on the triangular
lattice. Effectively, this model would be described by a
non-linear sigma model with the SO(3) group element
as the field (principal chiral model). Topologically, the
SO(3) group is homeomorphic to RP3 and has the Z2

vortices. We expect that the UV fixed point representing
the T → 0 limit of these models is a c = 3 CFT. It would
be interesting to confirm this expectation numerically.

Meanwhile, it is noteworthy that the spectra of these
two models are different in spite of the same central
charge. One can immediately see this in the effective
scaling dimensions defined by Eq. (11). In the field theo-
retical description, the scaling dimensions correspond to
the energy levels of the collective excitation. In partic-
ular, the lowest ones are three degenerate spin-1 excita-
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FIG. 1. (a)Calculated central charge of the ferromagnetic LL, Heisenberg, and anti-ferromagnetic LL models at T = 0.005.
The ultra-violet central charge for the first two models is c = 2, whereas that of the AF-LL model is c = 4. The numerically
obtained data are c = 2.003 and 1.998 for the Heisenberg and LL model, respectively, at the fourth RG step. The cusp around
ten RG steps appears because we derive the central charge by a derivative of L as E0(L) ∼ ε0L − πc

6L
.[We only know E0(L)

for L =
√

2
n
, so linear fitting is needed.] The appearance of the cusps is a common feature when the system size reaches the

correlation length. It could be the gap due to the finite bond dimensions. (b) The finite-size scaling dimension of the Heisenberg
and LL model at T = 0.01. The lowest excitation corresponds to spin 1 and 2, respectively. The degeneracy is slightly lifted
due to the non-negligible finite-bond dimension effect at the large inverse temperature. To avoid unnecessary divergence of the
Boltzmann weights, we shifted the energy in the computation, e.g., H = −J

∑
〈i,j〉[(

~Si · ~Sj)2 − 1] for the RP2 LL model.

tions for the Heisenberg model. In contrast, the O(3)
spin is no longer the order parameter for the LL model
under the local Z2 flip symmetry. Instead, we have ne-
matic order parameter Q defined as

Qαβ = sαsβ − 1

3
δαβ , (14)

where α and β runs through (x, y, z). Thus, the low-
est excitation of the LL model is spin 2 with its mul-
tiplicity 5. The numerically obtained finite-size scaling
dimensions in Fig. 1(b) are consistent with the argument
above. This suggests that, although both are character-
ized by the same central charge c = 2, the UV limits for
the Heisenberg and RP2 models are distinct.

V. Z2 VORTEX DISSOCIATION AT T ∼ T∗

The main interest in the RP2 model is the possible
topological phase transition due to the dissociation of the
Z2 vortices, similarly to the well-established BKT tran-
sition in the two-dimensional XY model [1–4]. While
there have been numerous studies supporting the exis-
tence of the transition, its nature has not been clarified.

Moreover, the very existence of the transition is still a
question.

If the purported Z2 vortex dissociation transition is
a second-order phase transition, it would be described
by a CFT. Likewise, if the system has a critical low-
temperature phase similar to the low-temperature phase
of the BKT transition, that phase would be also described
by a CFT. Hence, we have numerically estimated the ef-
fective central charge and scaling dimensions in the tem-
perature region where the Z2 vortex dissociation is ex-
pected.

As a reference, we have also applied the same method-
ology to the classical Heisenberg model. Figure. 2 shows
the effective central charge of the Heisenberg and RP2

gauge models at finite temperature, calculated from the
TNR. First, the effective central charge of the Heisenberg
model seems to have a plateau around c ∼ 2 at T = 0.14,
which seems to suggest a critical phase. However, the
convergence of the effective central charge is not as good
as in a similar TNR study of known critical points/phases
in the Ising and XY model [44, 49]. (Compare also with
Fig. 1.) In fact, a detailed analysis shows that the cen-
tral charge is smaller than c = 2 as is indicated with
a black dotted line. For example, the best estimate at
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FIG. 2. The effective central charge of the Heisenberg and
RP2 gauge models at finite temperature. The numerically
obtained central charge of the Heisenberg model is slightly
smaller than 2, c ∼ 1.94 at T = 0.14 and the eighth RG step,
implying that the correlation is large, but finite. Similarly,
the central charge of the LL model is not converged and is
c ∼ 1.91 at T = 0.22 and the eighth RG step. The cusps after
the 12 RG steps are a numerical artifact due to the finite-
bond dimension used in our calculation. On the other hand,
at T = 0.27 the effective central charge quickly drops to zero,
which is a clear signature of the finite correlation length.

T = 0.14 for the Heisenberg model is c = 1.94(1), ob-
tained at the third through eighth RG steps. Moreover,
the “energy levels” which would give the scaling dimen-
sions of the operators in the CFT change gradually, as
shown in Fig. 3. As we will discuss in the next section,
we believe that our results are more consistent with the
standard “asymptotic freedom” picture, which predicts
the single disordered phase for T > 0.

Now let us discuss the RP2 model around the pur-
ported Z2 vortex dissociation transition temperature
T∗ = 0.25, in a similar manner. The effective central
charge of the RP2 model also seems to have a plateau
at c ∼ 2 for T = 0.22 (T < T∗), which seems to sug-
gest a critical phase. On the other hand, for T = 0.27
(T > T∗), we find a quick drop of the effective central
charge to zero, indicating a “massive” phase with a finite
correlation length. This implies a phase transition or a
strong crossover around T ∼ T∗ = 0.25, in agreement
with previous studies on the same model [51, 52].

On the other hand, we find that the convergence of
the effective central charge is again not good. The best
estimates of the central charge is c = 1.915(3) obtained
at the fifth through eleventh RG steps for T = 0.22 for
the RP2 gauge model. It is important to note that these

values are smaller than c = 2, which is expected for the
UV fixed point, beyond numerical errors. Moreover, the
energy levels that would give the scaling dimensions of
the operators in the CFT do not converge. Below the
“transition temperature” T < T∗, the change of the en-
ergy levels is certainly slower, but it is still significant as
shown in Fig. 4. In addition, the effective central charge
and scaling dimensions of the LL model shown in Figs. 5
and 7 turn out to behave in a similar manner. Thus,
we conclude that the both the RP2 gauge and LL models
exhibit crossover rather than a true phase transition.

VI. DISCUSSIONS

As noted in Sec. V, even though the effective cen-
tral charge exhibits a “plateau” at c ∼ 1.9 for both the
Heisenberg and RP2 models at sufficiently low temper-
atures, the convergence is not as good as in the similar
TNR calculation for known critical points/phases. If we
still take the position that either of these models has
a critical phase/point in those temperature regimes, it
would be described by a CFT with the central charge
c ∼ 1.9 < 2. However, it is rather difficult to conceive
such a CFT.

Considering that the model has a global SO(3) symme-
try, it is tempting to consider the SO(3) Wess-Zumino-
Witten (WZW) models. SO(3) is locally isomorphic to
SU(2), and the SU(2) WZW models are classified by the
level k, which is a natural number. The level-k SU(2)
WZW model has the central charge

c =
3k

k + 2
, (15)

and the primary fields (with zero conformal spin) which
have the scaling dimension

xj = 2
j(j + 1)

k + 2
, (16)

where j is the SU(2) spin quantum number (half-odd-
integer or integer), which satisfies 0 ≤ j ≤ k/2. An SO(3)
WZW model corresponds to an SU(2) WZW model at
an even level k. The first nontrivial one is k = 2 with
c = 3/2, which is too small for the observed value c ∼ 1.9
in the Heisenberg and the RP2 models. The next one
is k = 4 with c = 2, which is too large. One might be
tempted to interpret the numerical estimate c ∼ 1.9 (and
poor convergence) as a result of some numerical error,
and postulate that the system is actually described by
the level-4 SU(2) model with c = 2. However, this does
not seem to hold.

The “energy levels” of the lowest excited states [an
SU(2) triplet] found for the Heisenberg model do not con-
verge up to the eighth RG step, as shown in Fig. 3(a).
This also indicates that the system does not reach a RG
fixed point yet. Moreover, the observed energy level of
the lowest excited state corresponds to the scaling di-
mension x < 0.1. This is significantly smaller than the
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FIG. 3. (a) The finite-size scaling dimension of the lowest excitation in the Heisenberg model. The scaling dimension grows
monotonically along the RG steps, which is a consequence of the RG flow from the unstable T = 0 fixed point. (b) The
finite-size scaling dimension of the lowest excitation in the RP2 gauge model. The monotonic increase of x1(L) along the RG
steps is observed in the whole range of temperature. The vertical dotted line denotes the reported transition temperature from
previous studies, T ∼ 0.25.

scaling dimension x = 2/3 of the corresponding triplet
operator (j = 1) in the level-4 SU(2) WZW model, so
that the identification is difficult. Since our system does
not contain a spinor representation of SU(2), we do not
expect an SU(2) WZW model with an odd level k to ap-
pears as an effective model for the classical Heisenberg
model. Even if we disregard this issue and consider the
level-3 SU(2) WZW model as a candidate CFT, it also
does not match the numerical observation both in terms
of the central charge (c = 9/5 = 1.8) and the spectrum
(the lowest triplet operator j = 1 having the scaling di-
mension x = 4/5). With these observations, we conclude
instead that our numerical data support the standard
“asymptotic freedom” scenario on the Heisenberg model
in which there is a single disordered phase for T > 0.
The observed effective central charge c ∼ 1.9 may reflect
the RG flow from the c = 2 UV fixed point. This is con-
sistent with the known exact RG flow [58, 59] of the O(3)
nonlinear sigma model from c = 2 to c = 0 (“massive”
theory with a finite correlation length), although its ap-
plicability to the Heisenberg model on the lattice could
be questioned in principle.

We find a similar difficulty in interpreting the low-
temperature regime T . T∗ of the RP2 model as a criti-
cal point/phase described by a CFT. The lowest excited
states in the RP2 form an SU(2) quintet, and their energy
level corresponds to the scaling dimension x . 0.2. This
is again significantly smaller than the scaling dimension

x = 2 of the corresponding quintet operator (j = 2) in
the level-4 SU(2) WZW model. In fact, the convergence
of the energy levels is much faster below T ∼ T∗ in the
RP2 model, compared to the high-temperature regime
T & T∗, as shown in Fig. 5(b). This indicates a re-
markable change in the system around T ∼ T∗, which is
consistent with the Z2 vortex dissociation found in other
studies. However, even in the low-temperature regime
T . T∗, the energy levels do not show a true conver-
gence as shown in Fig. 7, in contrast to the known crit-
ical point/phase. Given the poor convergence of the ef-
fective central charge and the scaling dimensions, and
also the lack of an appropriate CFT, we conclude that
it is more likely that there is no true phase transition
at T ∼ T∗ and that the region T . T∗ is “massive,” al-
beit with a large correlation length. That is, similarly
to what is widely believed for the Heisenberg model, the
RP2 model at finite temperature consists of the single
disordered phase, which could be understood as an RG
flow from the c = 2 UV fixed point. While we did ob-
serve a remarkable change in the behavior around T ∼ T∗
where the dissociation of Z2 vortices has been reported,
it would be understood as a strong crossover rather than
a true phase transition in this scenario.

Recently, the issue of the RP2 (and more generally
RPN−1) model in two dimensions was studied in the
framework of the scale-invariant scattering theory [60]
The conclusion of those authors that there is no quasi-
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FIG. 4. An enlargement of Fig. 3 (b) for the low-temperature
regime T . T∗. The scaling dimension from the lowest exci-
tation does not converge even here.

long-range ordered phase with varying exponents (RG
fixed line) seems consistent with our findings. On the
other hand, their statement that the zero tempera-
ture fixed point for the RPN−1 model has an enlarged
O[MN = N(N + 1)/2− 1] symmetry may not be consis-
tent with our finding of c = 2 on the T → 0 UV fixed
point for the RP2 model. We note that MN = 5 for the
RP2 model (N = 3), and we indeed found an emergent
O(5) symmetry for the ground states in the antiferromag-
netic LL model (see Appendix B), although we are not
sure if our finding is related to the statement in Ref. [60].
More analysis is needed to clarify the relation between
Ref. [60] and our results. In particular, it is desirable to
identify the CFT corresponding to the “additional solu-
tion” for N = 3 [Eq. (32) of Ref. [60]].

VII. CONCLUSIONS

In this paper, we studied the low-temperature regimes
of the Heisenberg and RP2 models using TNR, and we
analyzed the spectrum of the finite-size transfer matrix.
When the system is critical and can be described by
a CFT, the spectrum gives an estimate of the central
charge and scaling dimensions of operators. In the low-
temperature limit T → 0, we identify the UV fixed point
of the Heisenberg and the ferromagnetic RP2 models as a
c = 2 CFT, consistently with the standard expectation.
On the other hand, the antiferromagnetic LL model indi-
cates a larger value of the central charge of the UV fixed
point. This is also consistent with the effective SO(5)
symmetry of the ground states, which predicts c = 4 for

the UV fixed point.

At moderately low temperatures of the Heisenberg
model, we find the effective central charge c ∼ 1.9 which
looks somewhat stable over a range of the lengthscales up
to L = 128. However, the finite-size energy levels, which
give the scaling dimensions of operators in the underly-
ing CFT, do not show convergence. This and the lack of
candidate CFTs supports the standard picture that the
Heisenberg model has a single disordered phase with a
finite correlation length for T > 0.

The RP2 model in T . T∗ shows a similar behavior
with the effective central charge c ∼ 1.9. However, the
convergence is also not as good as in the spectrum of
known critical points/phases, although it is faster than
that in the T & T∗ regime. We conclude the it is more
likely that the RP2 model also has a single disordered
phase with a finite correlation length for T > 0, based
on the slow convergence and the apparent lack of the
candidate CFTs.

The phase diagrams of the Heisenberg and RP2 mod-
els have been controversial, chiefly due to the very large
correlation length at low temperatures. It is very diffi-
cult to distinguish directly a diverging correlation length
from a large but finite one, in any numerical calculation.
On the other hand, analysis of the finite-size spectrum
comparing with CFT has proved very powerful in quan-
tum many-body systems in one spatial dimension; the
phase diagram can be determined precisely with an exact
numerical diagonalization of the Hamiltonian of rather
small systems. This has been successfully extended to the
two-dimensional classical XY model using the TNR [49].
The present study demonstrates that, the finite-size spec-
trum from the TNR provides useful information also on
the controversial problems of Heisenberg and RP2 mod-
els despite the difficulties associated with the very large
correlation lengths.

We do not completely rule out the possibility of the
critical point at T ∼ T∗ or the critical phase in T . T∗
suggested in several papers. However, to pursue this
viewpoint, one would need to explain the effective cen-
tral charge and the spectra obtained in the present TNR
study, which is perhaps more difficult than simply dis-
cussing whether the correlation length diverges or not.
On the other hand, we do not have a complete expla-
nation of what we believe is a strong crossover around
T ∼ T∗. It is an interesting problem for the future to
describe the crossover in terms of field theory, for exam-
ple with a CFT representing an RG fixed point in the
vicinity and a relevant perturbation.

Note added. Recently, we learned that Burgelman,
Vanderstraeten, and Verstraete have also studied the
Heisenberg and LL model using the variational uni-
form MPS(VUMPS) method [61]. In that paper, they
computed the high-accuracy correlation length from the
transfer matrix and the effective central charge from the
entanglement scaling. Detecting the deviation of the
correlation length from the BKT scaling, they also con-
cluded that this model does not go through a true phase



9

transition. This is consistent with our diverging x1(L),
which is a sign of a finite correlation length. More-
over, the effective central charge that they estimated is
c ∼ 1.8, which is consistent with our results of c ∼ 1.9.
The slight difference originates from the difference in the
method for estimating the central charge, where we used
the scaling of the ground-state energy. Nevertheless, this
small discrepancy can be interpreted as additional evi-
dence of a crossover because both methods should yield
the same central charge at true criticality. Concerning
the nature of the fixed point that causes the crossover,
they mention the similarity of the entanglement spectrum
with the quantum bilinear-biquadratic spin-1 Heisenberg
chain. As future work, it would be interesting to compare
it with the scaling dimensions found in our study.
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Appendix A: Effective central charge

Ground state energy and excitation energies are writ-
ten in the language of CFT as

En − E0 =
2π

L
xn, (A1)

E0 = ε0L−
πc

6L
, (A2)

where xn and c are the scaling dimension and central
charge, respectively. With real-space renormalization,
the effective size of the renormalized tensor becomes b
times larger at each step. Thus, starting from L = 1, the
effective scale ends up being L = bn after n RG steps,
and we denote the partition function at this scale as Z(n).
This partition function can be expressed with the gener-
ator along the y-axis using Eqs. (A1) and (A2).

Z(n) = Tr exp(−bnHp)

= Trxi
exp

[
−bn(

2π

L
xi −

πc

6L
+ ε0L)

]
= Trxi

exp(−2π(xi −
c

12
)− ε0b2n) (A3)

This spectrum can be computed from the eigenvalues of
the L×L transfer matrix constructed from the renormal-
ized tensor T (n) as depicted in Fig. 6. Assuming x0 = 0,

which corresponds to the identity operator, one is ready
to recognize the relation between λn and xn.

λn
λ0

= exp(−2πxn) (A4)

There is a pathological problem determining the central
charge because we lack one equation. In order to elim-
inate the contribution from the bulk energy, or to nor-
malize in other words, one needs to employ the partition
function from previous step Z(n− 1).

Z(n− 1) = Trxi
exp(−2π(xi −

c

12
)− ε0b2n−2) (A5)

For the fixed point tensor, it is reasonable to assume c
and ε0 to be constant. Then we get the central charge as
below.

c =
6

π

1

b2 − 1
(b2 lnλ

(n−1)
0 − lnλ

(n)
0 ) (A6)

The formula widely used [62]is

c =
6

π

[
b2

b2 − 1

(
lnZ(n− 1)− lnZ(n)

b2

)
+ ln

λ
(n)
0

Z(n)

]
(A7)

Eqs. (A6) and (A7) are equivalent in the critical case

because
λ
(n)
0

Z(n) =
λ
(n−1)
0

Z(n−1) , though Eq. (A7) seems to be

unstable when the system size exceeds the correlation
length. Throughout this paper, we calculated the
effective central charge with Eq. (A7).

Appendix B: Emergent O(5) universality in the
AF-RP2 model

The emergence of the O(5) universality class seems pe-
culiar. However, this phenomena is observed in three di-
mensions where the SSB of continuous symmetry is not
prohibited [50]. The key idea is that the order param-
eter is no longer the O(3) spin, but the nematic order
parameter Q as

Qαβ = sαsβ − 1

3
δαβ . (B1)

As Qαβ is a symmetric trace-less rank-3 tensor, the num-
ber of independent components is five. This five compo-
nents behave like a five component vector in Landau-
Ginzburg-Wilson (LGW) theory, leading to the emer-
gence of the O(5) universality [63, 64].

The ground state itself is different in the first place be-
tween J > 0 and J < 0. For ferromagnetic cases, the GS
is fully aligned state si · sj = ±1. Except for the massive
degeneracy due to the local Z2 gauge, it resembles that
of the Heisenberg model. On the other hand, the ground
state of the AF-RP2 model is non-trivial (si · sj) = 0.
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FIG. 5. (a) The effective central charge of the Lebwohl-Lasher model at T = 0.3(T < T∗), 0.35(T ∼ T∗), and 0.375(T > T∗).
The numerically obtained central charge of the Heisenberg model is slightly smaller than 2, c ∼ 1.942(1) at T = 0.35 between
the seventh and ninth RG steps, implying that the correlation is large, but finite. (b) The finite-size scaling dimension of
the lowest excitation in the LL model. The monotonic increase of x1(L) along the RG steps is observed in the whole range
of temperature. In particular, the RG flow becomes stronger around T = 0.35. This phenomenon might be attributed to a
repulsive fixed point in the vicinity of the trajectory of this model. The vertical dotted line denotes the transition temperature
from previous studies T = 0.356.

FIG. 6. A schematic picture of the procedure to extract the
CFT information. It is possible to see the spectrum by making
the L× L transfer matrix a cylinder.

Due this break in the symmetry between even and odd
sites (sub-lattice), the order parameter might become a
staggered one,

Ai = (−1)xi+yiQi. (B2)

Given the even-odd symmetry of Ai → −Ai, LGW action
for the AF-RP2 model become

F (A) =

∫
dr[(∇TrA)2 + a(TrA2)+

b(TrA2)2 + c(TrA4)]. (B3)

Let A be

A =

a c d
c b e
d e −a− b

 . (B4)

Then TrA2 = 2(Φ · Φ) and TrA2 = 2(Φ · Φ)2, where

Φ = (a+b/2,
√
3
2 b, c, d, e). This is simply the O(5) model.

Unlike the three dimensional model, φ6 is also relevant
in 2D. However, the most stable fixed point(smallest cen-
tral charge) of Φ2n theory is that of Φ4, so our argument
might be correct. Note that this LGW approach is justi-
fiable only at T = 0, where SSB is allowed under contin-
uous symmetry. The verification of c = 4 with numeri-
cal simulation is almost impossible due to the enormous
bond dimension effect. Nonetheless, the central charge is
larger than 3, implying the shadow of c = 4. In fact, our
conjecture is consistent with the recent study of the RP2

model based on the conformal scattering theory, and this
O(5) universality class corresponds to the solution A+ of
Ref. [60], while the remaining solution A− corresponds
to the c = 5

2 SO(5)1 WZW [65, 66]. Interestingly, the

central charge c = 2 of the ferromagnetic RP2 model
at zero temperature is none of them above, leaving the
possibility for it to become a candidate for the solution
B±3.
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FIG. 7. An enlargement of Fig. 5 (b) for the low-temperature
regime T . T∗. The scaling dimension from the lowest exci-
tation does not converge even here.

FIG. 8. The ultraviolet central charge of (a) the Heisenberg and (b) LL model at T = 0.02. The enormous finite bond dimension
effect at D = 16 decreases and the values converges at D = 44.
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V. Mart́ın-Mayor, J. J. Ruiz-Lorenzo, and A. Tarancón,
Phase diagram of the bosonic double-exchange model,
Phys. Rev. B 71, 014420 (2005).

[65] G. Delfino, Particles, conformal invariance and criticality
in pure and disordered systems, The European Physical
Journal B 94, 10.1140/epjb/s10051-021-00076-0 (2021).

[66] P. Francesco, P. Mathieu, and D. Sénéchal, Conformal
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